Compelling evidence-though yet no formal proof-has been adduced that the probability that a generic two-qubit state (ρ) is separable is 8 33 (arXiv:1301.6617, arXiv:1109.2560). Proceeding in related analytical frameworks, using a further determinantal moment formula of C. Dunkl (Appendix), we reach the conclusion that one-half of this probability arises when the determinantal inequality |ρ P T | > |ρ|, where P T denotes the partial transpose, is satisfied, and, the other half, when |ρ| > |ρ P T |. These probabilities are taken with respect to the flat, HilbertSchmidt measure on the fifteen-dimensional convex set of 4 × 4 density matrices. We find fully 
The problem of determining the probability that generic sets of bipartite/multipartite quantum states exhibit entanglement features of one form or another is clearly of intrinsic interest [1] [2] [3] [4] [5] . We have reported [6, 7] major advances, in this regard, with respect to the "separability/disentanglement probability" of two-qubit states, endowed with the flat, Hilbert-Schmidt (HS) measure [5, 8] . (The alternative use of the theoretically-important Bures [minimal monotone] measure [5, 9] has subsequently been investigated [10, 11] , but much less progress has so far been achieved in that area.) In particular, a concise formula [7, eqs. (1)- (3)]
where f (α) = P (α) − P (α + 1) = q(α)2 −4α−6 Γ(3α + 5 2 )Γ(5α + 2) 3Γ(α + 1)Γ(2α + 3)Γ(5α +
)
,
and q(α) = 185000α 5 + 779750α 4 + 1289125α 3 + 1042015α 2 + 410694α + 63000 =
α 5α 25α 2α(740α + 3119) + 10313 + 208403 + 410694 + 63000 has been developed that yields for a given α, where α is a random-matrix-Dyson-like-index [12] , the corresponding separability probability P (α).
The setting α = 1 pertains to the fifteen-dimensional convex set of (standard, complexentries) two-qubit density matrices, and the formula yields (to arbitrarily high numerical
(cf. [13] [14, eq. B7]). It is interesting to note that in this standard case [15] , the probability seems of a somewhat simpler nature (smaller numerators and denominators) than the value P ( obtained for the nine-dimensional convex set of 4×4 (two-"rebit") density matrices with real entries [16] , or, the value P (2) = 26 323
derived for the 27-dimensional convex set of 4 × 4 (two-"quaterbit") density matrices with quaternionic entries [17, 18] .
These simple rational-valued separability probabilities and the formula above that yields them were obtained through a number of distinct steps of analysis. First, based on extensive computations, C. Dunkl was able to obtain the (yet formally unproven) determinantal-moment formula [6, p. 30 
, −n, α + 1, 2α + 1 1 − n, n + 2 + 5α, 1 − n − α, ] a highly celebrated ("creative telescoping") algorithm of Zeilberger [22] to this expression to obtain the concise separability probability formula ( (1)- (3)) for P (α) itself.
In the course of his work in obtaining the 5F 4-hypergeometric-based HS moment formula above-and a more general one still for ρ P T n |ρ| k / |ρ| k -Dunkl employed certain "utility functions", in particular [6, p. 26],
Recently, upon request, he was able to obtain the explicit formula (Appendix)
− n − α, n + 2k + 2 + 5α ; 1 .
We set k = 0 in this formula, and once again applied the Legendre-polynomial-basedmoment-inversion procedure of Provost [20] , in the same manner as in our previous studies.
It was first necessary to note, however, that rather than the variable range − 1 16
employed in these earlier studies, the appropriate range would now be − } and (1,4) and (4,1)-entries equal to − 1 6 , and zeros otherwise.
(Note that if we interchange the roles of |ρ P T | and |ρ| in this last example, a value of − 1 432
, the lower bound on the domain of separability, is obtained for the variable (|ρ P T | − |ρ|) of interest.) We crucially rely throughout these series of analyses upon the proposition that |ρ P T | > 0 is both a necessary and sufficient condition for a two-qubit state to be separable [23, 24] . (We note that the partial transpose of a 4 × 4 density matrix ρ can possess at most one negative eigenvalue, so the non-negativity of |ρ P T |-the product of the four eigenvalues of ρ P T -is tantamount to separability.)
For the subrange [0, , the computed value here was, 0.500000000000000015 × P (4).) These outcomes, certainly, help to strongly bolster the validity of the (yet formally unproven) concise formula of Hou ( (1)- (3)), yielding the full generic Hilbert-Schmidt two-qubit separability probabilities P (α).
For the two-rebit, two-qubit and two-quaterbit probabilities over the extended interval ], containing all separable and now some entangled states (and thus providing upper bounds on the total separability probabilities), the estimates, again based on 9,451 moments were 0.78082617689, 0.69244685258 and 0.601390039979. However, we did not discern any particular underlying common structure in these values. As examples of entangled states dense in [− as the Bures (minimal monotone) metric [5, 9] ? Also, in need of clarification is the issue of whether or not the Dyson-index ansatz of random matrix theory [12] -apparently applicable in the Hilbert-Schmidt case, as our various results so far would indicate-extends to other measures, as well (cf. [10, 11] ).
, there is a multiplication relation:
We will produce F 2 (n, k) := n j=0 n j (−1) n−j h (k + n − j, j) as a single sum (so that
Lemma I.1 Let n, m = 0, 1, 2, . . . and let x be a variable, if 0 ≤ m ≤ n then
otherwise the sum is zero.
Proof If m > n then (−j) m = 0 for 0 ≤ j ≤ n. Suppose 0 ≤ m ≤ n then (−j) m = 0 for 0 ≤ j < m and the sum is over m ≤ j ≤ n. Thus
Change the index of summation j = m + i then the sum equals
by the Chu-Vandermonde sum.
Observe that (−m) n−m = 0 for 2m < n. Then
Apply the lemma to the j-sum with x = −k − n and m = i to obtain
and thus
This is not in hypergeometric form because of the term (−i) n−i ; also the summation extends , k + 1 + α, k + 1 + 2α 1 − n − α, 1 2 − n − α, n + 2k + 2 + 5α ; 1 ; a balanced sum.
The formula was tested for F 2 (2, k), also directly verified for n = 3, arbitrary α.
Combining the front factors in F 2 (n, k) (from g (k, n)) we obtain (−1) n (α) n α + 1 2 n (n + 2k + 2 + 5α) n 2 4n k + 3α + .
